Abstract. This work is devoted to the study of the existence of at least one (non-zero) solution to a problem involving the discrete p-Laplacian. As a special case, we derive an existence theorem for a second-order discrete problem, depending on a positive real parameter α, whose prototype is given by
Introduction
We are interested in investigating nonlinear discrete boundary value problems by using variational methods. This approach has been recently adopted, for instance, in [2, 3, 4] and [14, 20, 31] .
More precisely, for every a, b ∈ Z, such that a < b, set Z[a, b] := {a, a + 1, ..., b} and let T ≥ 2 be a positive integer.
The aim of this paper is to prove some existence results for the following discrete problem In recent years equations involving the discrete p-Laplacian operator, subject to different boundary conditions, have been widely studied by many authors and several approaches.
In particular, Problem (D f ) has been previously studied, for instance, in [3, 8, 15 ] by using various methods. See the recent papers [9, 25] for the discrete anisotropic case.
Motivations for this interest arose in by different fields of research, such as computer science, mechanical engineering, control systems, artificial or biological neural networks, economics and others.
Moreover, the main background in the real world for the discrete p-Laplacian operator are the problems on the boundary between different substances.
Via variational approach, we are able to prove the existence of a solution for problem (D f ) by requiring that
for some ε > 0. See condition (2) in Theorem 3.2.
Next, by using Theorem 3.2, we study a parametric version of problem (D f ), defined as follows
where α is a positive real parameter.
In this case, requiring a suitable behaviour of the potentials at zero and at infinity, we obtain, for sufficiently large α, the existence of at least one positive solution for problem (D f α ), see Theorem 4.2. This result can be achieved exploiting Theorem 3.2 together with the well-known variational characterization of the first eigenvalue of the p-Laplacian operator in the finite-dimensional context (see [3] ).
The simplest example we can deal with is a second-order boundary value problem. 
, the following second-order discrete problem
has at least one positive solution.
We remark that the results obtained for second-order discrete equations in [4, 12] and our theorems are mutually independent. Moreover, the approach adopted here can be used studying the discrete counterpart of the following problem
where m, n ∈ IN \ {0} and f is a suitable continuous function. See [10] and [13] for details. We refer to the monograph of Cheng [7] for a geometrical interpretation of this equations.
The plan of the paper is as follows. Section 2 is devoted to our abstract framework and preliminaries. Successively, in Section 3 we prove our main result (see Theorem 3.2). The parametric case is discussed in the last section (see Theorem 4.2), where, a concrete example of an application is also presented (see Example 4.5).
Abstract Framework
On the T -dimensional Banach space
endowed by the norm
we define the functional J : H → IR given by
We observe that problem (D f ) has a variational structure. Indeed, the functional J is differentiable in u ∈ H and one has
Thus critical points of J are solutions to problem (D f ). In order to find these critical points, we will make use of the following local minimum result due to Ricceri (see [26] ) recalled here on the finite-dimensional setting.
Theorem 2.1. Let (E, · ) be a finite-dimensional Banach space and let Φ, Ψ : X → IR be two lower semicontinuous functionals, with Ψ coercive and Φ(0 E ) = Ψ(0 E ) = 0. Further, set J µ := µΨ + Φ.
Then for each σ > inf u∈X Ψ(u) and each µ satisfying
See [29, 27, 28] for related abstract critical points results. We also mention the monograph [19] for some topics on variational methods adopted in this paper and [1] for general facts on finite difference equations.
The Main Result
By [6, Lemma 4] one has that
for every u ∈ H, where
Remark 3.1. Note that 
Then problem (D f ) has at least one solution such that u ∞ < ε.
Proof. Let us apply Theorem 2.1 by choosing E := H, and
Moreover, let us estimate from the above the following quantity
Inequality (1) yields
Thus one has that
Hence it follows, by (2) , that
that is,
Therefore, the assertion of Theorem 2.1 follows and the existence of one solution u ∈ Ψ −1 ((−∞, σ)) to our problem is established. 
Moreover, if for somek ∈ Z[1, T ], f (k, 0) = 0, the obtained solution is clearly non-zero.
A parametric case
In this section we shall study the following discrete parametric problem
where α is a real positive parameter. For our goal, in order to obtain positive solutions to problem (D 
Moreover, let λ 1,p , ϕ 1 > 0 be the first eigenvalue and eigenfunction of the problem
As observed in [3] , the following variational characterization
holds. Taking into account the above facts, an important consequence of Theorem 3.2 is the following. 
and
Proof. Let α be as in the conclusion, and define
for every k ∈ Z[1, T ]. Consider now the following problem 
there exists ε > 0 such that
Hence, bearing in mind Remark 3.3, condition (2) of Theorem 3.2 holds. Thus problem (D f α ) admits a solution u α ∈ H with u α < ε. In conclusion, we shall prove that 0 H is not a local minimum of the functional
i.e. the obtained solution u α is non-zero. For this purpose, let us observe that the first eigenfunction ϕ 1 ∈ H is positive and it follows by (3) that
for every k ∈ Z[1, T ] and ξ ∈ (0, δ). Hence, we can define θ ζ (k) := ζϕ 1 (k), for every k ∈ Z[0, T + 1], where ,
A direct application of this result yields the following. Remark 4.6. In Example 4.5, for every α sufficiently large, our approach ensures the existence of at least one positive solution u α ∈ H for the discrete problem (S α ). A more delicate problem is to find a concrete expression of the function u α that one may hope to be exploited by numerical methods.
Remark 4.7. We refer to the paper of Galewski and Orpel [10] for several multiplicity results on discrete partial difference equations. See also the papers [11, 17, 18, 21, 23, 24] for recent contributions to discrete problems.
